This terminology and notation emphasizes that
], Kendall, Barden, Carne, and Le show that Σ m d admits cellular decompositions leading to a complete computation of its homology groups.
In this paper, we present an alternative decomposition of the space N m d . It is based on polygon spaces, a subject which has also encountered a rich development during the last decade, in connection with Hamiltonian geometry. This approach is completely different from that of statistical shape theory and this paper is essentially self-contained.
First of all, the point set topology of N We call these hyperplanes walls. They determine a stratification H(R m ) of R m , i.e., a filtration
with H (k) (R m ) being the subset of those a ∈ R m which belong to at least m − k distinct walls H I . A stratum of dimension k is a connected component of H (k) 
m ), we will sometimes use the notation N m E (α) for any of the spaces N m E (a) with a ∈ α. This is in fact ambiguous because, in general, ψ ca = ψ cb • ψ ba , so one cannot use the maps ψ ba to define an equivalence relation on −1 (Str(a)) giving the points of N m E (α). However, ψ ca is isotopic to ψ cb • ψ ba , and so the homotopy invariants of N m E (α), for instance, the elements of its cohomology ring, are well defined. Theorem 1.1 may provide good local models for describing the evolution of a cloud. This is especially likely when dim E = 2, 3, where, for generic a, the spaces N m E (a) and thus −1 (Str(a)) are smooth manifolds (see below 
Therefore, the set Str((R >0 ) m )/Sym m is in bijection with the set Str(R m ). In Sections 4 and 5, we show how to obtain a complete list of the elements of Ch(R m ) and Str(R m ). For this, we first show that the set of inequalities defining a chamber α of R m can be recovered from some very concentrated information that we call the genetic code of α. Abstracting some properties of these genetic codes gives rise to the combinatorial notion of a virtual genetic code. We design an algorithm to find all virtual genetic codes, with the help of a computer (the program, written in C ++ , is available at [Hausmann and Rodriguez 02] .
(1-1)
It turns out that, for m ≤ 8, all virtual genetic codes are realizable, but not for m = 9: only 175428 out of 319124 are realizable. The nonrealizable ones might well be of interest (see Problem 7.9).
Our algorithms produce, in each chamber α, a distinguished element a min (α) ∈ R m with integral coordinates and with a i minimal. Several theoretical questions about these elements a min (α) remain open (see Section 4).
To describe the spaces N m E (a) for a ∈ α (Question 2 above), we note that
The condition m i=1 ρ i = 0 suggests the picture of a closed m-step piecewise-linear path in E, whose ith step has length a i . Therefore, the space N m E (a) is often called the m-gon space (in E) of type a (we could call it the space of clouds "calibrated at a"). These polygon spaces have been studied under different notations, especially for dim E = 2 and 3 where, for generic a, they are manifolds: see, for instance, [Klyachko 94] , [Kapovich and Millson 96] , [Hausmann and Knutson 97] , [Hausmann and Knutson 98] . For dim E > 3 or for a nongeneric, see [Kamiyama 98] and [Kamiyama and Tezuka 99] .
The classification of the polygon spaces N m E (a), for generic a, was previously known when dim E = 2, 3 and m ≤ 5 (see, for instance [Hausmann and Knutson 97, Section 6] ). The genetic codes introduced in this paper extend this classification up to m = 9. In Section 6, we give handle-decomposition information about the 6-gon spacesN 6 2 for the 21 chambers of R 6 . This type of method could be applied to any space N m E (a) for generic a. In addition to these geometric descriptions, algorithms were previously found that compute cohomological invariants of the spaces N m 3 (a), for example, their Poincaré polynomial ( [Klyachko 94, Theorem 2.2.4] , [Hausmann and Knutson 98, Corollary 4.3] ). This enables us, in Section 7., to compute the Betti numbers of the spaces N m 3 (α) for m ≤ 9. Moreover, presentations of the cohomology ring of N m 3 (α) for any coefficients were given in [Hausmann and Knutson 98, Theorem 6.4] . This permits us to compute some invariants of the ring H * (N m 3 (α); F 2 ) and prove in Section 7.1 the following result:
Here, the ring structure of H * (N m 3 ; Z 2 ) is important: the Betti numbers alone do not distinguish the spaces. Interestingly enough, the virtual genetic codes which are not realizable also give rise to nontrivial graded rings.
We do not know if these rings are cohomology rings of a space or of a manifold (see Problem 7.9).
The paper is organized as follows. In Section 2, we set the background of the smooth structure on N m E which is used in Section 3 to prove Theorem 1.1. In Section 4, we introduce the genetic code of a chamber and show how to obtain the list of all chambers of R m for m ≤ 9. In Section 5, we study the injection Str(R m−1 ) into Str(R m ) and show how to obtain the list of all strata of R m for m ≤ 8. Section 6 contains our information on the spaces N m 3 (a) andN m 2 (a) for generic a. Section 7 is devoted to the cohomology invariants of the polygon spaces. Finally, the results of Sections 6 and 7 are applied in Section 8 to the case of hexagon spaces.
THE SMOOTH STRUCTURE ON N m E

Smooth Spaces and Maps
For a topological space X, denote by C 0 (X) the R-algebra of continuous functions on X with real values.
N containing x and a C ∞ map F : U → R which coincides with f throughout U ∩ X (compare to [Milnor 65, Section 1]). The smooth maps on X constitute a subalgebra C ∞ (X) of C 0 (X).
More generally, if ϕ : X → R N is a topological embedding of a space X into R N , one may consider the subalgebra C ∞ (X) = ϕ * (C ∞ (ϕ(X))). We call C ∞ (X) a smooth structure on X and X (or rather the pair (X, C ∞ (X))) a smooth space. 
A smooth embedding is thus a diffeomorphism onto its image.
The Smooth Structure on
where b(z) = 
The following are equivalent:
is obviously stronger than (C) (which, incidentally, implies that π is a smooth map). For the converse, one uses that the components of ϕ constitute a generating set for the algebra of SO(E)-invariant polynomial functions on K(E m ) [Weyl 39, Section II.9] . Then, any SO(E)-invariant smooth function on K(E m ) is of the form F • ϕ by the Theorem of G. Schwarz [Schwarz 75 ].
Smooth Structure
The smooth structure on the spaceN
Proposition 2.1 holds true.
Clouds of Unordered Points
On E m = {ρ : m → E}, the symmetric group Sym m acts on the right, by precomposition (or by permuting the coordinates). This action descends to N 
The map¯ is stratified and Theorem 1.1 holds true for¯ . Indeed, the diffeomorphisms constructed in the proof of Theorem 1.1 given in Section 3 are natural with respect to the action of Sym m .
We must be careful that the smooth homeomorphism ψ : R m → (R >0 ) m /Sym m is not a diffeomorphism: the projection onto the first coordinate is smooth on R m but not on (R >0 ) m /Sym m .
Poisson Structures on N m 3
Recall that a Poisson structure on a smooth manifold X is a Lie bracket {, } on C ∞ (X) satisfying the Leibnitz rule: 
m is generic, the spaces N m 3 (a) are manifolds and are the symplectic leaves of −1 (Str(a)).
This accounts for the symplectic structures on the polygon spaces in R 3 studied in [Klyachko 94] , [Kapovich and Millson 96], and [HK1 and 2].
PROOF OF THEOREM 1.1
Throughout this section, the Euclidean space E and the number m of points are constant. Denote byK the subset
. These are precisely the singularities of the map˜ :K → R m . Indeed:
Proof: Let (a 1 , . . . , a m ) =˜ (ρ). As ρ is not onedimensional, there are two vectors among ρ 2 , . . . , ρ m that are linearly independent. The orthogonal complements to these two vectors then span E. Thus, there are curves
Therefore, the map
represents a tangent vector v ∈ T ρK with T ρ˜ (v) = (1, 0, . . . , 0). The same can be done for the other basis vectors of R m proving that T ρ˜ is surjective.
Let ρ ∈K be one-dimensional. One thus has ρ i = λ i ρ m with λ i ∈ R − {0}. Let I(ρ) ∈ P(m) defined by i ∈ I(ρ) if and only if λ i < 0. It is obvious that˜ (ρ) belongs to the wall H I(ρ) .
Lemma 3.2. Suppose that ρ ∈K is one-dimensional. Then the image of T ρ˜ is H I(ρ) .
Proof:
with c i (0) = 0 and w i (0) = 0, where c i (t) ∈ R, and w i (t) is in the orthogonal complement of ρ i . The curve ρ(t) is inK if and only if m i=1 w i (t) = 0 and ∈ I. Therefore, Equation (3-1) is equivalent to c(t) ∈ H I . Finally, a direct computation shows that the tangent vector v ∈ T ρK represented by ρ(t) satisfies T ρ˜ (v) =ċ(0). This proves the lemma.
Proof of Theorem 1.1: Let a, b ∈ (R >0 )
m be in the same stratum α. Let X ⊂ α be the segment joining a to b.
is the distance from x to the segment X. We choose δ small enough so that the walls meeting U δ , if any, are only those containing α.
] is a smooth function equal to 1 on U δ/3 and to 0 out of U 2δ/3 .
Put onK and R m the standard Riemannian metrics. For ρ ∈K, define the vector subspace ∆ ρ of T ρK by
, where (T ρ˜ ) is the adjoint of T ρ˜ . The vector spaces ∆ ρ form a smooth distribution (of nonconstant rank) onK.
The tangent map T ρ˜ sends ∆ ρ isomorphically onto the image of T ρ˜ . Since X lies in α, Lemmas 3.1 and
is in the image of T z˜ for all z ∈ U δ . Therefore, there exists a unique vector field
. The map˜ being proper, the vector field W b has compact support, so its flow Φ t is defined for all times t. Therefore, z → Φ 1 (z) gives a diffeomorphism
As its notation suggests, the map ψ ba depends only on b and not on the choices involved in the definition of V b (δ and λ). One can thus define ψ :
The vector fields V b and W b depending smoothly on b ∈ α, the map is smooth as well as its inverse (x, u) → ψ ax (u). Therefore, ψ is a diffeomorphism. As the Riemannian metric onK and the map˜ are invariant with respect to the action of SO(E)×Sym m , the map ψ descends to a diffeomorphism ψ :
Remark 3.3. Theorem 1.1 is also true for the spacesN m E .
THE GENETIC CODE OF A CHAMBER
Let a ∈ (R ≥0 ) m . Following [Hausmann and Knutson 98, Section 2], we define S(a) ⊂ P(m) by
The very definition of the stratification H implies that S(a) = S(a ) if and only if Str(a) = Str(a ). Thus, for a stratum α of (R >0 ) m , we shall write S(α) for the common set S(a) with a ∈ α.
When α is a chamber, the inequalities in (4-1) are all strict. The elements of S(α) are then, as in [Hausmann and Knutson 98, Section 2] , called short subsets of m. Observe that A ∈ m is short if and only if its complement A is not short. Therefore, if α is a chamber, the set S(α)
Proof: One has
Let us now restrict ourselves to chambers of R m . We shall determine them by a very concentrated information called their "genetic code." Define a partial order " →" on P(m) by saying that A → B if and only if there exits a nondecreasing map ϕ : A → B such that ϕ(x) ≥ x. For instance X → Y if X ⊂ Y since one can take ϕ being the inclusion. The genetic code of α is the set of elements A 1 , . . . , A k of S m (α) which are maximal with respect to the order " →." By Lemma 4.1, the chamber α is determined by its genetic code; we write α = A 1 , . . . , A k and call the sets A i the genes of α. Thanks to (4-2), the explicit reconstruction of S(α) out of its genetic code is given by the following recipe.
Lemma 4.2. Let
Example 4.3. To unburden notations, a subset A of m is denoted by the number whose digits are the elements of A in decreasing order; example: 531 = {5, 3, 1}. In The determination of G m is algorithmic:
2. Each A ∈ P m (m) satisfyingĀ → A gives rise to a virtual genetic code A . This gives the set G
m .
3. Suppose, by induction, that we know the set G 
If there exits α ∈ Ch(R m ) with α = A 1 , . . . , A k , then α = P A1,...,A k . The realization problem is thus equivalent to P being nonempty. To find a point inside P , we "push" its walls and consider:
As P is an open cone in R m , then P is nonempty if and only if P 1 is nonempty. Indeed, if P is nonempty, then ∅ = P ∩ Z m ⊂ P 1 . We then use the simplex algorithm of linear programming to minimize the 1 -norm m i=1 x i on P 1 . This algorithm either outputs an optimal solution, which is a vertex of P 1 , or concludes that P 1 is empty [Chvátal 83] .
A program in C ++ was designed, following the above algorithms (comments on this program and the source code can be found in [Hausmann and Rodriguez 02] (b) α is a chamber if and only |a min (α)| 1 is an odd integer.
(c) All vertices of P 1 (S) have integral coordinates.
Conjecture b) is supported by the following evidences. First, it is obvious that an element a ∈ Z m with |a| 1 odd is generic. On the other hand, it is experimentally true for m ≤ 9. Conjecture a) for nongeneric strata is experimentally true for m ≤ 8 (see Section 5.). Conjecture c) has been checked for m ≤ 8.
Cuts
One can prove that the set G m of virtual genetic code of type m is in bijection with the set of "cuts" on m (the name is given in analogy with the Dedeckind cuts of the rationals). A subset S of P(m) is a cut if, for all I, J ⊂ m, the two following conditions are fulfilled:
(B) if I ∈ S and J → I, then J ∈ S.
The bijection sends a cut S of m to the set of maximal elements (with respect to the order " →") of S m . For details, see [Hausmann and Rodriguez 02] .
NONGENERIC STRATA
If a ∈ R m is not generic, some inequalities of (4-1) are equalities. Thus, an element I ∈ S(a) is either a short subset of m (strict inequality) or an almost short subset. As in Lemma 4.1, S(a) is determined by S m (a) = S(a) ∩ P m (m) and the latter is determined by those elements which are maximal with respect to the order " →" (the genes of S(a)). We denote the genes which are short subsets by A 1 , . . . , A k and those which are almost short by B In Table 2 shows 18 chambers with the first coordinate a min not equal to 0 or 1 (see [Hausmann and Rodriguez 02] ). One might ask whether there are other m-tuples a in these chambers with a 1 = 0, 1. But, by applying the simplex algorithm to minimize a 1 on the polytope P 1 of (4-3), we saw that this is not the case. Therefore, |Str(R 6 )| = 118. The same procedure succeeded for m = 8 and 9, giving the cardinality of Str((R >0 ) m )/Sym m = Str(R m ) for m ≤ 8 listed in the introduction. The above polygon spaces were previously known for m ≤ 5 (see, for instance, [Hausmann and Knutson 97, Section 6] ). Our classification by genetic code produces the more systematic tables below. Conventional representatives a min (α) (see Convention 5.2) are used when available.
GEOMETRIC DESCRIPTIONS OF N
Our method produces a classification of the spaces N m d (α) for m ≤ 9, α a chamber, and d ≥ 2. Table 6 of Section 8 gives the list of hexagon spaces. The tables for generic m-gon spaces when m = 7, 8, 9 are too big to be included in this paper. They can be consulted on the web page [Hausmann and Rodriguez 02] .
We shall now give procedures describing 
This defines a smooth map Proof: Let E (α) ⊂ (R 3 ) m be the space described in the statement. Any element of N m 3 (a) has at least one representative that is a vertical configuration, and any two of those are in the same orbit under the orthogonal action of S 1 = SO(2) fixing the vertical axis. As a is generic, the quotient map E (α) → N m 3 (a) is then a principal circle bundle. If π : R 3 → R 2 denotes the projection onto the first two coordinates, the correspondence 
where ∼ is the equivalence relation given by (0, η)
The right member of (6-2) is diffeomorphic to the double of D(β) which proves the proposition. (β) and the (isolated) critical points are the lined configurations. There is one for each almost short subset I = ∈ S m−1 (β), and its index is equal to 2|I| (or |I| for planar polygons). As in Equation (6-2), the space N m 3 (α) is diffeomorphic to the quotient of the cobordismĚ(a) by the following identifications on its two ends: η ∼ g · η for all g ∈ SO(2), when θ(η) = 0, π (for planar polygons, g ∈ O(1)).
As an application of the results of this section, we will describe all the hexagon spaces in Section 8.
Use of Toric Manifolds
Recall that a symplectic manifold M 2n is called toric if it is endowed with a Hamiltonian action of a torus T of dimension n (the maximal possible dimension for a Hamiltonian torus action). The moment map µ : M → Lie(T ) * ≈ R n has for its image a convex polytope, the moment polytope, which determines M up to T -equivariant symplectomorphism (see [Guillemin 94]) .
The spatial polygon space N m 3 (a) with its symplectic structure (see Section 2.5) may admit Hamiltonian torus actions by the so-called bending flows (see [Klyachko 94 ], [Kapovich and Millson 96] , [Hausmann and Tolman 02] has a representative a ∈ α with a 1 = a 2 and a 3 = a 4 . Therefore, N 5 3 (a) admits a Hamiltonian action of the two-dimensional torus T I for I = {{1, 2}, {3, 4}}. This shows that the diffeomorphism type of N 5 3 (a) is that of a toric manifold. The determination of all the twodimensional moment polytopes was the principle of the classification of the 5-gon spaces given in [Hausmann and Knutson 97, Section 6] .
The same holds for m = 6 since each chamber α ∈ Ch(R 6 ) has a representative a ∈ α with a 1 = a 2 , a 3 = a 4 , and a 5 = a 6 . Therefore, all N 6 3 (α) are diffeomorphic to toric manifolds. The three-dimensional moment polytopes can still be visualized but with more difficulties.
The above two cases generalize in the following: Thus, all the other 133 heptagon spaces are diffeomorphic to toric manifolds. We do not know whether the above three heptagon spaces are diffeomorphic to toric manifolds. The same experiment with m = 8 or 9 gives the following results: 217 elements of Ch(R 8 ) (out of 2470) and 56550 elements of Ch(R 9 ) (out of 175428) do not satisfy the hypothesis of Proposition 6.8. We start by the Poincaré polynomial. Recall that N m 3 (α) has a cellular decomposition with only evendimensional cells [Hausmann and Knutson 98, Section 4] , so its Poincaré polynomial,
COHOMOLOGY INVARIANTS OF
is the same for any field F and has only terms of even degree. Moreover, the polynomial P ( √ t) is the Poincaré polynomial ofN m 2 (α) for the coefficient field with two elements F 2 [Hausmann and Knutson 98, Section 9] . The first formula for computing P (t) in terms of α was found by A. Klyachko [Klyachko 94, Theorem 2.2.4 ]. We will use the more economical formula, using only elements of S m (α), obtained in [Hausmann and Knutson 98, Corollary 4.3] . With our notation, this is the following:
Remark 7.2. The difference between the formula in Proposition 7.1 and that of [Hausmann and Knutson 98, Corollary 4.3] comes from that, in the latter, the notation S m is used for the set of I ∈ P(m − 1) such that J ∪ {m} ∈ S. Recall that, here, S m = S ∩ P m (m). So, each occurrence of |J| in [Hausmann and Knutson 98, Corollary 4.3] is replaced here by |J| − 1. r ∪ ( 52 ) = 1 while r ∪ ( 521 ) = 0 (taking F 2 coefficients is important here: for instance, these two spaces have isomorphic cohomology rings with real coefficients). For m = 6, the list of Table 6 in Section 8 has been sorted by lexicographic order of the triple b 2 (α), r ∪ (α), s(α). One thus can check that no such triples occur twice. The same holds for m = 7 with b 2 (α), b 4 (α), r ∪ (α), s(α) (table in [Hausmann and Rodriguez 02] ).
Remark 7.8. By [Hausmann and Knutson 98, Section 9] , the cohomology ring H * (N m 2 (α); F 2 ) admits the presentation of Proposition 7.3, with R and the V i s of degree 1. Therefore, the above invariants are mod 2 cohomology invariants of the spacesN m 2 (α) and Proposition 7.7 holds true for these spaces.
Problem 7.9. When a virtual genetic code γ ∈ G m is not realizable (for instance, when m = 9), it gives rise as well to a nontrivial graded ring. Is this ring the cohomology ring of a space? Does it satisfy Poincaré duality? Is this ring the cohomology ring of a manifold?
THE HEXAGON SPACES
As for Tables 3-5 of Section 6, the first column of Table 6 in this section contains the list of the 21 genetic codes of type 6, all realized by a chamber α whose minimal realization a min (α), using conventional representatives (see Convention 5.2), is written in the second column. The next three columns give the cohomology invariants of N with n 2 1-handles attached. If we require that W ± are orientable, then they are well defined since there is only one way, up to diffeomorphism isotopic to the identity, to attach 1-handles to Σ or g± × [0, 1] in order to obtain an orientable manifold. Thus,N 6 2 is obtained by gluing W + to W − by a diffeomorphism of their boundary. In the case where n 1 = n 2 = 0, one has W + = W − and Proposition 6.6 says that the gluing diffeomorphism is the identity. We were not able to identify this gluing diffeomorphism in the other cases, so, a priori, the numbers [g + ; n 1 , n 2 ; g − ] do not determine the homeomorphism type ofN 
